2 5 practice solving equations involving
absolute value

2 5 practice solving equations involving absolute value is a fundamental skill in
algebra, opening doors to understanding more complex mathematical concepts and real-
world applications. This guide is designed to provide comprehensive practice and a deep
understanding of how to effectively solve equations that contain absolute value
expressions. We will explore the core principles behind absolute value, breaking down the
process into manageable steps. From understanding the definition of absolute value to
tackling various equation types, including those with one or two absolute value
expressions, this article will equip you with the knowledge and confidence to excel. We'll
delve into common pitfalls to avoid and offer strategies for verifying your solutions,
ensuring accuracy and mastery.
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Understanding the Absolute Value Concept

The absolute value of a number represents its distance from zero on the number line. This
distance is always a non-negative quantity. For any real number 'x', the absolute value of
'x', denoted as |x|, is defined as:

e x| =x,ifx=0

e x| =-x,ifx<O0

This definition is crucial because it tells us that whatever is inside the absolute value bars,



if it's positive or zero, it stays the same. If it's negative, it becomes positive. For example,
|5| = 5 because 5 is already positive. On the other hand, |-3| = -(-3) = 3 because we take
the negative of the negative number to make it positive. This fundamental understanding
is the bedrock for all subsequent steps in solving equations involving absolute value.

The Fundamental Approach to Solving Absolute
Value Equations

When you encounter an equation with an absolute value, the key principle to remember is
that the expression inside the absolute value bars can be equal to either the positive or the
negative value of the other side of the equation. This is because the absolute value
operation essentially removes the sign. Therefore, the fundamental approach involves
splitting the absolute value equation into two separate, simpler linear equations. Let's
consider a general form: |ax + b| = c. If ¢ is a non-negative number, this equation is
equivalent to two possibilities:

eax+b=c

eax +b=-c

Solving these two linear equations will give you the potential solutions for the original
absolute value equation. It's essential to note that if the value on the right side of the
equation (c in this case) is negative, there will be no solution, as the absolute value of any
expression can never be negative.

Solving Absolute Value Equations with One
Absolute Value Expression

Mastering the solution of equations with a single absolute value expression is the first step
towards proficiency. The process involves isolating the absolute value term on one side of
the equation and then applying the fundamental principle of splitting into two cases. For
instance, to solve |2x - 1| = 5, we first recognize that the expression 2x - 1 must be either
5 or -5. This leads to the following two linear equations:

e Case1:2x-1=5
e Case 2:2x-1=-5
Solving Case 1: Add 1 to both sides: 2x = 6. Then, divide by 2: x = 3.

Solving Case 2: Add 1 to both sides: 2x = -4. Then, divide by 2: x = -2.

Thus, the solutions for |2x - 1| = 5 are x = 3 and x = -2. It is always a good practice to
substitute these values back into the original equation to verify that they hold true. For x



=3,|2(3)-1|=|6-1| =|5| =5. Forx =-2, |2(-2) - 1| = |-4 - 1| = |-5| = 5. Both solutions
are correct.

Isolating the Absolute Value Term

Before splitting the equation into two cases, it's crucial to ensure that the absolute value
expression is completely isolated on one side of the equation. If there are any constants or
coefficients added to or multiplied by the absolute value term, they must be moved to the
other side using inverse operations. For example, in the equation 3|x + 4| - 2 = 7, the first
step would be to add 2 to both sides to get 3|x + 4| = 9. Then, divide both sides by 3 to
isolate the absolute value: |x + 4| = 3. Once isolated, you can proceed with the two-case
method as described previously.

Handling Equations with No Solution

As mentioned earlier, absolute value expressions always result in a non-negative number.
Consequently, if an absolute value equation is set equal to a negative number, it has no
real solution. For example, the equation |x - 7| = -4 has no solution because the distance
from zero cannot be negative. Recognizing this immediately can save you the effort of
attempting to solve an impossible scenario. Always check the value on the right-hand side
of the isolated absolute value equation. If it's negative, conclude that there are no
solutions.

Solving Absolute Value Equations with Two
Absolute Value Expressions

Equations involving two absolute value expressions, such as |ax + b| = |cx + d|, require a
slightly different but equally systematic approach. Since both sides are absolute values,
they are inherently non-negative. The core idea here is that the expressions inside the
absolute value bars can either be equal to each other, or one can be the negative of the
other. This leads to two primary cases:

eCasel:ax+b=cx+d

e Case2:ax+b=-(cx+d)

Each of these cases will result in a linear equation that can be solved for 'x'. It's important
to solve both and then verify both solutions in the original equation. For example, let's
solve |x + 2| = |2x - 3]|.

Case 1: x + 2 = 2x - 3. Subtract 'x' from both sides: 2 = x - 3. Add 3 to both sides: x = 5.

Case 2: x + 2 = -(2x - 3). Distribute the negative sign: x + 2 = -2x + 3. Add 2x to both
sides: 3x + 2 = 3. Subtract 2 from both sides: 3x = 1. Divide by 3: x = 1/3.

Verifying these solutions: Forx =5, |5 + 2| = |7| = 7 and |2(5) - 3| = |10 - 3| = |7| = 7. So,



x = 5 is a solution. Forx = 1/3, |1/3 + 2| = |1/3 + 6/3| = |7/3| = 7/3 and |2(1/3) - 3| = |2/3 -
9/3| = |-7/3| = 7/3. So, x = 1/3 is also a solution. This systematic approach ensures all
potential solutions are identified.

Squaring Both Sides as an Alternative Method

Another valid method for solving equations with two absolute value expressions is to
square both sides of the equation. This technique leverages the property that |a|~2 = a”™2.
So, for an equation like |ax + b| = |cx + d|, squaring both sides yields (ax + b)"2 = (cx +
d)”~2. Expanding both sides will result in a quadratic equation. You can then move all
terms to one side to set the equation to zero and solve the quadratic equation. This often
involves factoring or using the quadratic formula. While this method can be effective, it
can sometimes introduce extraneous solutions that must be checked. The algebraic
splitting into two cases is often more direct and less prone to errors for many students.

Special Cases and Potential Pitfalls in Absolute
Value Equation Solving

While the methods outlined are generally effective, certain situations and common
mistakes can arise when practicing solving equations involving absolute value. Being
aware of these can significantly improve accuracy and understanding. One common pitfall
is forgetting to check for extraneous solutions, especially when squaring both sides or
when the initial isolation of the absolute value term is not done correctly. Another issue is
incorrectly applying the definition of absolute value, particularly when dealing with
expressions that might be negative on their own but are within the absolute value bars.

Extraneous Solutions

Extraneous solutions are solutions that arise during the solving process but do not satisfy
the original equation. These can occur when you perform operations that can introduce
new solutions that weren't present in the original problem. A prime example is squaring
both sides of an equation. For instance, if you have x = -2, squaring both sides gives x™2 =
4, which has solutions x = 2 and x = -2. The solution x = 2 is extraneous. Therefore, it is
paramount to always substitute your potential solutions back into the original absolute
value equation to confirm their validity. This verification step is non-negotiable for
ensuring correct answers.

Mistakes in Isolating the Absolute Value

A significant source of error is failing to properly isolate the absolute value expression
before splitting the equation into cases. If an equation is presented as, for example, |x| + 3
= 5, a common mistake is to immediately set x = 2 and x = -2. However, the first step
should be to subtract 3 from both sides to isolate |x|, resulting in |x| = 2. Only then can
you proceed to x = 2 and x = -2. Always ensure the absolute value term is alone on one



side of the equals sign.

Incorrectly Handling Negative Values

Another error can be made when the expression inside the absolute value is negative.
Remember, |x| = -x when x is negative. So, if you have |x - 5| = 3, the two cases are x - 5 =
3 and x - 5 = -3. A common error is to incorrectly write the second case as -(x - 5) = -3,
which would still lead to the correct x-5 = 3. However, it's crucial to remember the
definition: if x - 5 is negative, then |x - 5| = -(x - 5). Therefore, if |x - 5| = 3, it means x -5 =
3 OR x - 5 = -3. The latter is the correct way to represent the negative possibility.

Strategies for Verifying Solutions to Absolute
Value Equations

Verification is a critical step in solving absolute value equations, ensuring the accuracy of
your results and helping you identify any extraneous solutions. The most straightforward
and reliable method is direct substitution. Once you have obtained potential solutions from
your algebraic manipulations, plug each solution back into the original absolute value
equation. If the equation holds true after the substitution, then the solution is valid. If the
equation does not hold true, the solution is extraneous and should be discarded.

The Substitution Method

Let's illustrate the substitution method with an example. Suppose we solved an equation
and found potential solutions x = 4 and x = -1 for the equation |2x - 3| = 5.

e For x = 4: Substitute 4 into the original equation: |2(4) - 3| = |8 - 3| = |5]. Since |5| =
5, the equation 5 = 5 is true. Thus, x = 4 is a valid solution.

e For x = -1: Substitute -1 into the original equation: |2(-1) - 3| = |-2 - 3| = |-5]. Since
|-5] = 5, the equation 5 = 5 is true. Thus, x = -1 is a valid solution.

This systematic substitution confirms the correctness of the solutions.

Graphical Verification (Optional)

For those who are comfortable with graphing, a graphical approach can also be used to
verify solutions, especially for equations with one absolute value expression. The equation
|f(x)| = c can be thought of as finding the x-values where the graph of y = |f(x)| intersects
the horizontal line y = c. The graph of y = |f(x)| is obtained by taking the graph of y = f(x)
and reflecting any part of the graph that lies below the x-axis above the x-axis. The x-
coordinates of the intersection points represent the solutions to the equation. This visual
method can provide an intuitive understanding of why certain solutions exist.



Real-World Applications of Solving Absolute
Value Equations

The concept of absolute value and the ability to solve equations involving it have practical
applications in various fields, extending beyond the classroom. Understanding these
applications can highlight the relevance and utility of mastering this algebraic skill.
Absolute value is frequently used in situations where deviations from a target value are
important, regardless of whether the deviation is positive or negative.

Error Tolerance and Manufacturing

In manufacturing and quality control, absolute value is used to define acceptable ranges
for measurements. For example, if a component is supposed to be 10 cm long, but there's
a tolerance of 0.1 cm, the acceptable length 'L' can be expressed as |L - 10| < 0.1. Solving
this inequality (which is related to solving equations) helps determine the lower and upper
bounds of acceptable production. If a specific target length must be met exactly, an
equation like |L - 10| = 0 would be used.

Distance and Navigation

Absolute value is inherently linked to distance. In navigation or physics, if you need to find
a point that is a certain distance from a starting point, absolute value equations are
employed. For instance, if a ship starts at position 0 and needs to reach a point that is 50
nautical miles away, its position 'p' could be represented by |p| = 50, leading to positions
at +50 and -50 relative to the starting point.

Financial Calculations

In finance, absolute value can be used to calculate the magnitude of price changes or
returns, irrespective of whether the change was an increase or a decrease. For example, if
a stock price changes by more than $2, the absolute value of the change would be greater
than 2, represented as |Price Change| > 2. This helps in analyzing market volatility and
risk.

Frequently Asked Questions

What is an absolute value equation?

An absolute value equation is an equation that contains an absolute value expression. The
absolute value of a number is its distance from zero on the number line, so it's always non-
negative. For example, |x| = 5 has two solutions: x = 5 and x = -5.



What are the two cases to consider when solving an
absolute value equation of the form |ax + b| = ¢, where ¢
> 07?

When solving |ax + b| = ¢ where ¢ > 0, you need to consider two cases: 1. ax + b = ¢ (the

expression inside the absolute value is equal to c) and 2. ax + b = -c (the expression inside
the absolute value is equal to -c).

What happens if the constant on the right side of an
absolute value equation is negative, like |2x - 1| = -3?

If the constant on the right side of an absolute value equation is negative, there are no
real solutions. This is because the absolute value of any expression is always non-negative
(greater than or equal to zero).

How do you solve an equation like |x - 3| = 7?

To solve |x - 3| = 7, you set up two separate equations: x - 3 = 7 and x - 3 = -7. Solving the
first gives x = 10, and solving the second gives x = -4. So the solutions are x = 10 and x =
4.

What if there's an expression outside the absolute value,
like 2|x + 1| = 6?
Before splitting into cases, you need to isolate the absolute value expression. In 2|x + 1| =

6, divide both sides by 2toget |[x + 1| = 3. Thensolvex + 1 =3 (x=2)andx+ 1 =-3 (x
= -4).

How do you handle absolute value equations with more
complex expressions, like |3x - 5| =x + 1?

For equations like |3x - 5| = x + 1, you still set up two cases: 3x-5=x+ 1 and 3x-5 = -(x
+ 1). However, you must check your solutions in the original equation because extraneous
solutions can arise when the expression on the right side can be negative.

What is an extraneous solution in the context of
absolute value equations?

An extraneous solution is a solution obtained during the solving process that does not
satisfy the original equation. This often happens when you square both sides of an
equation or when the expression on the right side of the absolute value can be negative, as
in [ax + b| = cx + d.

How can you check if a solution to an absolute value



equation is correct?

To check a solution, substitute it back into the original absolute value equation. If both
sides of the equation are equal, the solution is correct. If they are not equal, it is an
extraneous solution.

What are the possible numbers of solutions for an
absolute value equation?

An absolute value equation can have zero, one, or two solutions. Zero solutions occur if
the constant on the right is negative or if all potential solutions are extraneous. One
solution can occur if the constant is zero or if one of the two potential solutions is
extraneous. Two solutions are common when the constant on the right is positive and both
potential solutions are valid.

Are there graphical methods to solve absolute value
equations?

Yes, you can solve absolute value equations graphically. For an equation like |ax + b| = cx
+ d, you would graph y = |ax + b| and y = cx + d on the same coordinate plane. The x-
coordinates of the points where the two graphs intersect are the solutions to the equation.

Additional Resources

Here are 9 book titles related to solving equations involving absolute value, each starting
with and followed by a short description:

1. Inside the Absolute: Unlocking E quations

This book delves into the fundamental concepts of absolute value and its application in
solving equations. It provides clear, step-by-step explanations for various types of absolute
value equations, from simple linear forms to more complex inequalities. Readers will learn
strategies for breaking down problems and visualizing solutions, fostering a deeper
understanding of algebraic manipulation.

2. The Path of Absolute Solutions

Explore the journey of finding solutions for equations containing absolute value
expressions. This guide meticulously walks through different problem-solving techniques,
emphasizing the importance of considering both positive and negative cases. It features a
wealth of practice problems with detailed solutions, enabling students to build confidence
and accuracy.

3. Navigating Absolute Value Algebra

This title offers a comprehensive approach to mastering absolute value equations within
the broader context of algebra. It breaks down the properties of absolute value and their
implications for solving equations, including graphical interpretations. The book is
designed to equip students with the skills to tackle a wide range of problems and excel in
their algebra studies.



4. Decoding Absolute Value: Practice and Mastery

Unlock the secrets behind absolute value equations with this practice-focused resource.
Each chapter introduces a specific type of absolute value problem, followed by targeted
exercises that reinforce understanding. The book is an excellent tool for students seeking
to solidify their skills through consistent practice and detailed explanations.

5. Absolute Value Equations: A Practical Guide

This practical guide provides hands-on experience with solving equations involving
absolute value. It demystifies the process by breaking down complex equations into
manageable steps and offering clear, concise examples. The focus is on building practical
problem-solving abilities that can be applied to future mathematical challenges.

6. The Art of Absolute Equation Solving

Discover the elegance and logic behind solving absolute value equations in this insightful
book. It emphasizes the conceptual understanding necessary to approach these problems
effectively, rather than just rote memorization. Through a combination of theory and
practice, readers will develop a nuanced appreciation for algebraic problem-solving.

7. Absolute Value in Action: Solving Equations

See absolute value equations come to life with this engaging and informative book. It uses
real-world examples and relatable scenarios to illustrate the concepts, making them more
accessible and memorable. The book provides ample opportunities for practice, ensuring
that students can confidently apply their knowledge.

8. Mastering Absolute Value: Equation Strategies

This book is dedicated to equipping students with a toolkit of strategies for successfully

solving absolute value equations. It covers a spectrum of techniques, from case-by-case

analysis to graphical methods. The emphasis is on developing a robust understanding of
the underlying principles for lasting mastery.

9. The Essential Absolute Value Equation Workbook

This comprehensive workbook is designed for students who want to hone their skills in
solving absolute value equations through extensive practice. It presents a wide variety of
problems, ranging from basic to advanced, with clear solutions and explanations for each.
It's an ideal resource for reinforcing classroom learning and building exam-readiness.
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